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Abstract: We derive the effective equations of the membranes dual to black holes
in a particular theory of higher derivative gravity namely Einstein-Gauss-Bonnet
(EGB) gravity at sub-leading order in 1/D upto linear order in the Gauss-Bonnet
(GB) parameter β. We find an expression for an entropy current which satisfies a
local version of second law onshell in this regime. We also derive the membrane
equations upto leading order in 1/D but non-perturbatively in β for EGB gravity.
In this regime we write down an expression for a world-volume stress tensor of the
membrane and also work out the effective membrane equation for stationary black
holes.
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1 Introduction
For two derivative theory of gravity (Einstein-Hilbert theory) the area of the event
horizon of a black hole monotonically increases (classically) throughout a physical
process. Together with the fact that the “first law” of black hole mechanics gives
the entropy of a black hole to be proportional to the area of the horizon, gives the
precise statement for the status of the second law of black hole thermodynamics for
Einstein-Hilbert gravity: i.e. entropy always increases in a physical process.
For higher derivative theories of gravity there is a candidate for entropy of black
hole - namely the Wald entropy, which satisfies the first law of black hole mechanics [1,
2]. But there is no general understanding of the status of the second law of black hole
thermodynamics in these theories. Some candidates for entropy of black holes which
satisfy the second law of black hole mechanics for specific type of dynamics involving
black holes are known. e.g. in [3, 4], an expression for entropy of black hole satisfying
second law for small amplitude metric perturbations about stationary black hole
configurations upto linear order in the amplitude were obtained. These expressions
contain corrections over the Wald entropy which match with Dong-Camps terms
[5, 6] in holographic entanglement entropy. Again, in [7] a suitable candidate for
second law was obtained upto an “obstruction term”. The obstruction term restricts
the validity of the analysis to black hole dynamics for which the obstruction term
is either negative or zero. e.g. The obstruction term is zero for dynamics which
preserve spherical symmetry. The expressions for entropy obtained in both these
situations reduce to the Wald entropy for stationary black holes and also reduce to
the area of the event horizon in the limit of two derivative gravity.
On the other hand, during the last few years the large D limit where one takes
the number of spacetime dimensions D → ∞ has been found to be particularly
useful in studying dynamical processes involving black holes. In this limit the black
hole dynamics can be described by a system of effective equations determining the
dynamics of a finite number of variables of a non-gravitational system. There are two
apparently different non-gravitational systems to which the black hole dynamics can
be mapped to. In one the effective equations are obtained in terms of a dual object
defined by its effective mass and momentum [8–11]1. The other formulation (which is
the primary focus of this paper), recasts the black hole dynamics in terms of dynamics
1The effective equations in mass momentum formalism in AdS space with boundary metric
deformation has been worked out in [12].
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of a co-dimension one membrane propagating in the asymptotic spacetime of the
black hole [13–18]. The membrane is characterised by its local shape and a world-
volume velocity field. The effective equations in this case are a set of “membrane
equations” constraining the membrane variables2.
Interestingly, the effective membrane equations imply the second law of black
hole thermodynamics for two derivative theories, without it being used as an input.
It does even better in the sense that it gives the second law in terms of positive
divergence of a local entropy current defined in terms of the membrane variables.
The entropy current in this case is the obvious suspect: namely the generator of the
horizon. The velocity field on the membrane world volume maps to the generator of
the event horizon of the black hole and the membrane equation imply [15]
∇ˆ · u = 2Kσµνσ
µν +O(1/D2). (1.1)
K is the trace of the local extrinsic curvature of the membrane embedded in the
asymptotic spacetime of the black hole and σµν is the shear tensor of the membrane
velocity field uµ. ∇ˆ denotes covariant derivative w.r.t the induced metric on the
membrane. It can be shown [19] that in the large D limit for uncharged black holes
in asymptotic flat spacetime the local entropy current of the black hole to leading
order in large D is given by
Jµ(s) =
uµ
4
+O(1/D2) (1.2)
And hence,
∇ˆ · J(s) = 1
2Kσµνσ
µν +O(1/D2) (1.3)
Hence, the membrane equation correctly predicts the positive definite local entropy
production.
The above procedure when applied to higher derivative theories of gravity can
in principle lead us to a candidate for entropy which satisfies the second law of black
hole thermodynamics for these theories3.
The focus of this paper will be a particular theory of higher derivative gravity
namely the Einstein-Gauss-Bonnet theory, the Lagrangian density for which is given
by 4
L = √−g (R + α (R2 +RABCDRABCD − 4RABRAB)) . (1.4)
2In both the formalisms, we only study the late time dynamics of the black holes which corre-
spond to time scales of the order of O(1/r0) where, r0 is the horizon size. The large D limit confines
the non-trivial part of the late time dynamics to a thin region of size O(r0/D) about the horizon
3The more interesting possibility is if it can be shown that the membrane equations derived for
a particular higher derivative theory of gravity does not allow for second law to be satisfied. In
this case if we go by the principle that the second law cannot be violated in nature, this particular
theory of higher derivative gravity should not be allowed in nature.
4We use indices A,B,M,N to denote the coordinates over the spacetime. We use the µ, ν, α, β
indices to denote the coordinates over the world-volume of the membrane.
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The leading order in 1/D membrane equation for this was worked out in [20] upto
linear order in the Gauss-Bonnet parameter. It was shown there that for the solutions
of the above theory to be continuously connected to the solutions of Einstein-Hilbert
gravity in the α → 0 limit α needs to be an O(1/D2) quantity. A new variable β
was defined there such that
α =
β
(D − 3)(D − 4) (1.5)
where, β is an O(D0) quantity 5.The leading order in 1/D effective equation for EGB
gravity non-perturbatively in the Gauss-Bonnet parameter in the mass momentum
formalism were worked out in [22].
In this paper we work out the membrane equations to subleading order in 1/D
upto linear order in β. These equations are given by
∇ˆ.u = 2K
(
1− βK
2
D2
)
σαβσ
αβ + 4β
K
D2
σαβK
αβ + 8
β
KD2
(
∇ˆασαβ∇ˆγσγβ
)
+O
(
1
D2
)
(1.6)
[
∇ˆ2uσ
K −
(
1− β K
2
(D − 3)2
) ∇ˆσK
K + u
αKασ −
(
1 + β
K2
(D − 3)2
)
u · ∇ˆuσ
]
Pσγ
+
[
− u
βKβδK
δ
σ
K +
(
1− βK
2
D2
) ∇ˆ2∇ˆ2uσ
K3 −
(∇ˆσK)(u · ∇ˆK)
K3 −
(∇ˆβK)(∇ˆβuσ)
K2 −
2Kδσ∇ˆδ∇ˆσuσ
K2
−
(
1 + β
K2
D2
) ∇ˆσ∇ˆ2K
K3 +
∇ˆσ(KβδKβδK)
K3 + 3
(
1 + β
5K2
3D2
)
(u ·K · u)(u · ∇ˆuσ)
K
− 3
(
1 + β
K2
D2
)
(u ·K · u)(uβKβσ)
K − 6
(
1 + β
7K2
3D2
)
(u · ∇ˆK)(u · ∇ˆuσ)
K2
+ 6
(
1 + β
5K2
6D2
)
(u · ∇ˆK)(uβKβσ)
K2 + 3
(
1 + β
8K2
3D2
)
u · ∇ˆuσ
D − 3 − 3
(
1 + β
K2
D2
)
uβKβσ
D
]
Pσγ
+
(
β
K2
D2
)[
uαuβ∇ˆα∇ˆβuσ
K +
3
K
∇ˆ2uβ
K σ
β
σ +
7
K
∇ˆ2uβ
K ω
β
σ +
u · ∇ˆuβ
K σ
β
σ − 3
u · ∇ˆuβ
K ω
β
σ
− 4Ku · ∇ˆuβP
βαKασ +
3
Ku
δKδβσ
β
σ +
3
Ku
δKδβω
β
σ +
(
− 4
D
+ 9
u · ∇ˆK
K2 − 4
u ·K · u
K
)
∇ˆ2uσ
K
]
Pσγ
= O
(
1
D
)2
(1.7)
5The leading order membrane equation for a general theory of four derivative gravity in presence
of a cosmological constant was worked out in [21].
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where, ωαβ is the vorticity of the membrane velocity field and Pµν is the projector
orthogonal to the velocity field in the membrane world volume.
Using the above membrane equation we find an entropy current given by
JµS =
1
4
(1 + 2αR) uµ − α uνRνµ − 2αK ∇ˆ
βσβασ
αµ − α u · ∇ˆuβ∇ˆβuµ +O
(
1
D3
)
where,
R = K2 −KαβKαβ (1.8)
which has a positive definite divergence given by 6
∇ˆ · JS = 1
2K (1 + αR) σ
2 +O
(
1
D2
)
. (1.9)
Recall that α ∼ O(1/D2) and hence the RHS above indeed starts at O(1/D). We
will also show that the entropy corresponding to the above current in the stationary
configuration is Wald entropy of the corresponding stationary black hole. From the
positivity of divergence of the entropy current in the membrane world-volume, it can
be shown that the integrated entropy always increases under membrane dynamics.
Since, there is a duality between membrane and black hole dynamics, this quantity
must also increase under black hole hole dynamics. Hence, the integrated charge
obtained from this membrane entropy current is a candidate for black hole entropy
satisfying second law for EGB gravity ( upto linear order in GB parameter).
We also derive the membrane equation to leading order in 1/D and non-perturbatively
in β to be given by[
∇ˆ2uµ
K −
(
1− β
K2
D2
1 + 2β K
2
D2
+ 2β2 K
4
D4
)
∇ˆµK
K + u
αKαµ
−
(
1 +
β K
2
D2
1 + 2β K
2
D2
+ 2β2 K
4
D4
)
u · ∇ˆuµ
]
Pµσ = O
(
1
D
)
and,
∇ˆ · u = O
(
1
D
)
(1.10)
Using this we derive an entropy current non-perturbative in β given by
Jµ,NPS =
uµ
4
(1 + 2αR)− α uνRνµ +O(1/D2) (1.11)
the divergence of which using the leading order membrane equation (1.10) is
∇ˆ · JNPS = O
(
1
D
)
(1.12)
6We will work in the large D limit such that the dynamics preserves a large isometry and in
this situation we find that the trace of the extrinsic curvature is positive definite. Also, working
perturbatively in β, we have αR ≪ 1 and hence the RHS is positive definite.
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2 The Einstein-Gauss-Bonnet Gravity
Since, we will be working with black hole solutions of the Einstein-Gauss Bonnet
(EGB) gravity, we will briefly review the them here. The action for the EGB gravity
is given by
S =
∫
dDx
√−g
(
R +
β
(D − 3)(D − 4)
(
R2 +RABCDR
ABCD − 4RABRAB
))
.
(2.1)
This action is a member of the Lovelock-Lanczos family of theories of higher deriva-
tive gravity, all of which have the common property that their equation of motions
has a maximum of two derivatives acting on the metric like Einstein-Hilbert theory.
The equation of motion of EGB gravity is given by
EAB = RAB − 1
2
gABR− β
(D − 3)(D − 4)
(
1
2
gAB
(
REFCDR
EFCD − 4REFREF +R2
)
−2RRAB + 4RACRCB − 4RCDRCABD − 2RACDFRCDFB
)
(2.2)
The static spherically symmetric black hole solution for this theory in the Kerr-Schild
coordinates is given by
ds2 = −dt2 + dr2 + r2dΩ2D−2 + (1− f(r))(dt+ dr)2
f(r) = 1 +
r2
2β

1−
√
1 +
4βrD−3h
rD−1
(
1 +
β
r2h
) (2.3)
where rh is the radius of the horizon
7. The Gauss-Bonnet (GB) parameter β is
O(D0) as mentioned earlier. The necessity of this has been explained in [20] to
make sure that the large D solutions are smoothly connected to the solutions of
Einstein-Hilbert theory in the β → 0 limit. The basic reason being that the typical
curvature squared objects are O(D2) times the monomials in curvature term in the
large D limit. Hence, if β has a leading order behaviour in the large D limit which
makes it grow faster than O(D0) the GB terms will dominate over the Einstein-
7It is easy to check that
f(rh) = 0 for
β
r2h
≥ −1
2
and
f(rh) = 2 +
r2h
β
for
β
r2h
< −1
2
.
Hence we require that β ≥ − r2h2
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Hilbert term and the solutions will not be smoothly connected to the solutions of
the Einstein-Hilbert theory 8.
3 The large D dynamics of Black Holes in EGB gravity
In this section we briefly review the large D membrane paradigm of [13–17] aligned
to the discussion in the context of higher derivative theories [20, 21]. We take the
large D limit by restricting the dynamics to finite number of directions so that the
spacetime preserves a SO(D − p − 3) isometry as D → ∞. Here, p is an arbitrary
order one positive integer.
Before proceeding we would like to mention some notational conventions that
we use. We use the indices A,B, . . . ,M,N . . . to denote the coordinates over the D
dimensional spacetime, which can be either black hole spacetime, or the background
flat spacetime. ∇ is the covariant derivative w.r.t the background flat spacetime. We
use the indices α, β . . . , µ, ν, . . . to denote the coordinates over the D−1 dimensional
membrane world volume, which is embedded in the background flat spacetime . gµν
denotes the induced metric on the membrane. We use the notation ∇ˆ to denote the
covariant derivative constructed from the induced metric on the membrane world-
volume . Rµνλσ denotes the Riemann curvature calculated from gµν .
3.1 Ansatz Metric
The aim of the large D membrane paradigm is to find dynamical solutions of the
EGB equations in a perturbative manner in 1/D. To do so we need to choose a
good starting ansatz metric on which to apply the perturbative expansion in 1/D.
Covariantisation of the Kerr-Schild form of the static black hole is a convenient ansatz
metric. The ansatz metric for EGB gravity to linear order in β is given by9
ds2 = ds2flat +
(
(1 + β dψ · dψ)
ψD−3
− β dψ · dψ
ψ2(D−2)
)(
OMdx
M
)2
(3.1)
Here, OM = nM − uM . nM is the unit normal10 to the surface ψ = 1 which is
horizon of the corresponding black hole and uM is a unit normalised time like vector
orthogonal to nM . K is the trace of the extrinsic curvature of the surface ψ = 1
embedded in flat spacetime. In the coordinates of the metric (2.3)
ψ =
r
rh
, nMdx
M = dr, uMdx
M = −dt, K = D − 2
rh
(3.2)
8Note that any other scaling where β ∼ O(D−x), where, x is a positive real number will also
satisfy this criteria. So, in effect we are working with the strongest possible GB coefficient β in the
large D limit which satisfies this criteria.
9This matches with the ansatz metric written in [20] as to leading order in 1/D, dψ · dψ = K2
D2
.
Also, we require β K
2
D2
≥ − 12 for the horizon to be at ψ = 1.
10All normalisations, dot products and covariant derivatives in this section are w.r.t asymptotic
flat spacetime of the black hole
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As has been noted in [23], in the large D limit all non-trivial physics is confined in a
thin region of width rh
D
outside the horizon of the black hole. From the ansatz metric
we see that in the region where ψ ≫ 1 the metric reduces to flat spacetime. But if
we confine ourselves to regions where ψ − 1 ∼ O(1/D) then ψ−D ∼ e−D(ψ−1). The
ansatz metric reaches its asymptotic form exponentially fast along the normal to the
horizon and has a non-trivial warping only upto a region of width O(1/D) outside
the horizon.
Since, we want to study dynamical processes involving black holes, we promote
ψ and u to be functions of the spacetime points with the following restrictions
• The derivatives of the functions ψ and u w.r.t the spacetime coordinates is
O(D0) and
• The metric ansatz preserves an SO(D − p − 3) isometry with p held fixed at
an arbitrary finite number as D →∞.
The ansatz metric solves for the EGB equation to leading order in large D [15, 16, 20]
provided
∇2ψ−(D−3)|ψ=1 = 0 and ∇ · u|ψ=1 = 0 (3.3)
where the dot product and covariant derivatives are w.r.t the flat spacetime. The
leading order ansatz metric can be thought of as being constructed by patching
together locally boosted Schwarzschild solutions. The above two conditions are sat-
isfied by the Schwarzschild black hole and hence to leading order they also need to
be satisfied by our ansatz as to leading order they locally look like Schwarzschild
metric. These conditions can be thought of as local constraints on the ‘shape’ ψ and
‘velocity’ u functions of a dual membrane in terms of which the black hole metric
can be written. To leading order there is a duality between the black hole and a
membrane provided the membrane satisfies the above two conditions.
3.2 The first order in 1/D corrections to the metric
The ansatz metric (3.1) solves for the EGB equation only upto leading order in 1/D
and not beyond that. Hence, we need correct the ansatz metric so that it solves for
the EGB equations upto the subleading order in 1/D. The large D regime makes it
particularly simple to determine these metric corrections.
The ansatz metric reaches its asymptotic value just outside the ‘membrane re-
gion’. Since, flat space solves for the EGB equation, we only need to add corrections
to the metric which have non-zero support in the ‘membrane region’. We describe
– 7 –
in brief the mechanism for this below. For the details of the procedure, one can look
at the previous papers on the large D membrane paradigm [15–17]11.
We use a coordinate system (ya) based around any point x0 in the membrane
region.
xM = xM0 +
αMa y
a
D
(3.4)
The coordinate system ya spans the entire patch region of length scale ∼ O(1/D) in
the membrane region about the point x0 in the sense that as ya → ∞ we reach the
boundary of the membrane region.
The shape (ψ) and the velocity function (uM) can be expressed in the region
around the point x0 as a Taylor series expansion given by
ψ = 1 +
yM
D
∂Mψ|x=x0 +
yMyN
2D2
∂M∂Nψ|x=x0 +
yMyNyL
6D3
∂M∂N∂Lψ|x=x0 + . . .
uA = uA0 |x=x0 +
yM
D
∂Mu
A|x=x0 +
yMyN
2D2
∂M∂Nu
A|x=x0 +
yMyNyL
6D3
∂M∂N∂Lu
A|x=x0 + . . .
where, yM = αMa y
a (3.5)
In a similar manner the normal vector to the surface ψ = 1 is given by
nA = nA0 |x=x0 +
yM
D
∂Mn
A|x=x0 +
yMyN
2D2
∂M∂Nn
A|x=x0 +
yMyNyL
6D3
∂M∂N∂Ln
A|x=x0 + . . .
(3.6)
where, the Taylor expansion coefficients of nA are appropriately related to the coef-
ficients in the expansion of ψ. The Taylor expansion coefficients of uA are appropri-
ately constrained to make the velocity vector unit normalised and orthogonal to the
normal vector.
Since, the spacetime under consideration has a distinct fast direction along dψ
we chose one of the patch coordinates ya along this direction. We call this coordinate
R and it is related to the shape function by
ψ = 1 +
R
D
. (3.7)
With this choice of the R coordinate the blackening factor becomes
f = 1− ψ−(D−3) = 1− e−R +O(1/D) (3.8)
The shape and velocity functions which had O(D0) derivatives w.r.t the global coor-
dinate xM have O(1/D) derivatives w.r.t the patch coordinates. Hence, it is easy to
11In practice, it is convenient to work in terms of a set of effective gravity equations in a reduced
p+3 dimensional spacetime involving the p+3 dimensional metric and a dilaton field φ.The results
obtained this way can then be recast in terms of quantities in the full D dimensional spacetime. The
results obtained are then shown to be independent of the choice of p.The details of this procedure
can be found in [13, 14, 20, 21]
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see that at first subleading order in 1/D the EGB equations when evaluated in the
patch coordinates on the ansatz metric, evaluate to a non-zero quantity of the form
E0MN(∂MnN |x=x0, ∂MuN |x=x0, R) + βE1MN(∂MnM |x=x0, ∂MuN |x=x0, R)
12Since, the part which remains unsolved at the subleading order is only a non-trivial
function of the patch radial coordinate R 13, the necessary corrections need only be
functions of the R coordinates. i.e. the corrected metric at first subleading order can
be written as
g
(1)
MN = g
ansatz
MN +
1
D
(H0MN(R) + βH
1
MN(R)) (3.9)
We will be solving for the metric corrections order by order in β. It is easy to see
that the corrected metric solves for the EGB equations at the subleading order in
1/D (to linear order in β) if the metric corrections satisfy the following ordinary
differential equations(ODE) in the R coordinates with sources and the various co-
efficients dependent on the ultra-local Taylor expansion shape and velocity data at
the point x0. The schematic form of these ODEs can be written as
DH0MN + E0MN(∂MnN |x=x0, ∂MuN |x=x0, R) = 0
DH1MN + E1MN(∂MnN |x=x0, ∂MuN |x=x0, R) = 0 (3.10)
where, D is an ordinary differential operator order two. The structure of the differ-
ential operator which is the same at all orders in β is completely determined by the
Einstein-Hilbert part of the EGB equations14.
3.3 Some technical details
3.3.1 Choice of gauge
We have to fix the gauge freedom in the choice of the metric corrections arising from
the diffeomorphism invariance of gravity. We follow the convention followed in earlier
papers and make the following gauge choice
H0MNO
M = 0 H1MNO
M = 0 (3.11)
12Although the derivatives of the shape and velocity fields are O(D0), because of the large
isometry in the D → ∞ limit, the divergence of vector quantities can be O(D) higher than their
naive order in D. See [15] for more details.
13though it contains ultra-local information about the local derivatives of the shape and velocity
function at x0.
14If the computation is done in a non-perturbative manner in β, one would expect that the
differential operator may contain more than two derivatives coming from the higher derivative terms
in EGB equation. But since, Gauss-Bonnet gravity falls into the Lovelock-Lanczos type theories,
the maximum order of derivatives will be two even non-perturbatively. We will use this later to
present result for first order membrane equations non-perturbatively in β.
– 9 –
With this gauge the most general form of the metric correction can be written as
HMN = H
(S)OMON +
1
D
H(Tr)PMN +
(
H
(V )
M ON +H
(V )
N OM
)
+H
(T )
MN
where, PMN = ηMN + uMuN − nMnN
and, H
(V )
M n
M = H
(V )
M u
M = H
(T )
MNu
M = H
(T )
MNn
M = H
(T )
MNPMN = 0 (3.12)
In the above and the rest of this section we have suppressed the superscript corre-
sponding to the order in β.
3.3.2 Boundary conditions
As stated earlier the metric corrections should have non-zero support only in the
membrane region and hence we should impose the following boundary condition at
the end of the membrane region
lim
R→∞
HMN(R) = 0 (3.13)
Also, we are working in a coordinate system in which the ansatz metric is well
defined everywhere outside the singularity at the centre of the black hole. We would
like the corrections to also satisfy this property and hence we demand that the metric
corrections be regular everywhere in the membrane region15.
Even after imposing the above regularity and boundary conditions some ambi-
guity in the metric corrections is still left unfixed. This is due to the fact that the
definitions of the velocity and shape field are ambiguous at subleading order in 1/D
as these redefinitions leave the leading order ansatz metric unchanged. At leading
order the velocity vector field raised w.r.t the flat spacetime is the generator of the
event horizon of the spacetime located at ψ = 1 [15]. We fix the subleading ambigu-
ity by demanding that the subleading order corrections keep the horizon at ψ = 116
and keep the generator of the event horizon to be the velocity vector field. These two
conditions impose the following two boundary conditions on the metric corrections
at R = 0 (or ψ = 1).
H(S)|R=0 = 0
H
(V )
M |R=0 = 0. (3.14)
After this the metric corrections are completely determined in terms of the shape
and velocity function of the dual membrane modulo one remaining issue which we
address below.
15We will not be interested in the metric corrections deep inside the black hole beyond the
membrane region. Since, this region is causally disconnected from the observer outside the horizon
we can describe physics outside the horizon without the knowledge of the metric corrections in the
interior region.
16We demand that the surface ψ = 1 remains null.
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3.3.3 The auxiliary conditions
The metric corrections are determined as functions of the R coordinate with coef-
ficients being the Taylor expansion coefficients of the membrane shape and velocity
data in the patch coordinates about any arbitrary point in the membrane region.
The Taylor expansion coefficients are local derivative data of the membrane shape
and velocity vectors. These derivatives can also be along the normal direction itself.
Now a membrane is solely determined by the data on the membrane hypersurface
only. Derivatives of the membrane data orthogonal to the hypersurface are not well-
defined. The only way to make sense of the normal derivatives of the membrane data
is to uplift their definition to a family of hypersurfaces, of which the membrane is just
one member. We call the choice of this uplift as the auxiliary conditions. Obviously
this uplift is not unique and hence different choices will give rise to different values
for the normal derivatives and hence apparently different metric corrections. But the
‘physical content’ of the apparently different metrics are the same as they all arise
from the same physical membrane data.
In this paper we choose to work with the auxiliary conditions used in [16] given
by
∇2
(
1
ψ(D−3)
)
= 0
O · ∇O · P = 0 (3.15)
where, P is the projector orthogonal to u and n mentioned above. This choice was
found to be particularly useful in the sense that for Einstein gravity, the metric
corrections at first subleading order vanished and the next to the subleading order
corrections were also very simple. Once, this choice has been made the metric of the
black hole is now completely defined in terms of the data of the dual membrane.
4 The results at first order in 1/D
The large D membrane effective equations to leading order and the first subleading
corrections to the metric of black holes in EGB gravity (upto linear order in β)
was obtained in [20]17. The procedure is based on classifying the gravity equations
into dynamical and constraint equations along the “direction of evolution”, which in
our case is in the direction of coordinate R (which also happens to be the direction
of normal to the membrane). The interesting property of the constraint equations
is that they have homogeneous parts with order one even though the rest of the
dynamical EGB equations are order two. Hence, the constraint equations are thought
of as a set of constraint on the possible “initial” conditions on the metric on a
17Look for corresponding results for the most general theory of four derivative gravity with
cosmological constant in [21].
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hypersurface rather than as evolution equations. Another interesting property is
that once the constraint equations are solved on a hypersurface and the dynamical
equations are solved everywhere, the constraint equations are naturally solved on
all other hypersurfaces orthogonal to evolution. Hence, the information contained
in the constraint equations is hypersurface invariant. Following [15] we evaluate
the constraint equations on the R = 0 hypersurface, where, the homogeneous parts
vanish, and so one is left with a set of constraint on the membrane data given by18[
∇ˆ2uµ
K −
(
1− βK
2
D2
) ∇ˆµK
K + u
αKαµ −
(
1 + β
K2
D2
)
u · ∇ˆuµ
]
Pµσ = O
(
1
D
)
and,
∇ˆ · u = O(1/D) (4.1)
The corrected metric with the choice of auxiliary conditions used in this paper are
given below 19 (upto linear order in β) by
gMN = ηMN +
(
(1 + βdψ · dψ)
ψD−3
− β dψ · dψ
ψ2(D−2)
)(
OMdx
M
)2
− 4βe−2R (−1 + eR) K
(D − 3)2
(
u · ∇K
K − u ·K · u+
K
4(D − 3)
)
OMON
+ βRe−R
K
(D − 3)2
(∇2uA
K − 2u · ∇uA + u
BKBA
)(PAMON + PANOM)
− 2βe−R K
(D − 3)2
(
KAB −∇(AuB) −
KCD −∇(CuD)
D − 2 P
CDPAB
)
PAMPBN
(4.2)
Note that in the β → 0 limit the subleading correction is zero which is consistent
with the fact that in two derivative gravity the first subleading corrections to the
metric are zero with the choice of auxiliary conditions used here [16].
5 The results at second order in 1/D
In [15] the algorithm to systematically correct the metric upto arbitrary orders in
1/D was presented for Einstein-Hilbert gravity. This algorithm can be easily adapted
to the EGB equations. This algorithm involves using the corrected metric at a given
order as the seed metric at next order. In our case we add corrections to the first
18The equation obtained using this procedure from the constraint EGB equations are in terms
of the full spacetime derivatives. Those equations have to be pulled back to the membrane world
volume using the auxiliary conditions mentioned above. Only after this the membrane equations
become well defined in the sense that they track the world-volume dynamics of the membrane
variables. The equation presented here is this pulled back form.
19In [20] a different set of auxiliary conditions were used: 1)n · ∇nM = 0 and 2)n · ∇uM = 0.
And hence the metric corrections obtained there were also different.
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order corrected metric (4.2) in the same form as (3.12) but at one higher order in
1/D. The structure of the homogeneous parts of the ODEs on the corrections remain
the same at all orders [15], but the sources now depend on higher Taylor expansion
coefficients of the membrane and velocity data. The schematic form of the differential
equations at this order ( like in (3.10)) are given by
DH0MN + E0MN (∂MnN |x=x0, ∂MuN |x=x0, ∂M∂NnL|x=x0, ∂M∂NuL|x=x0, R) = 0
DH1MN + E1MN (∂MnN |x=x0, ∂MuN |x=x0, ∂M∂NnL|x=x0, ∂M∂NuL|x=x0, R) = 0
(5.1)
5.1 The membrane equations at first subleading order
One can again evaluate the constraint part of the above equations at R = 0 to obtain
the subleading correction to the membrane equation of motion. These are given by
∇ˆ.u = 2K
(
1− βK
2
D2
)
σαβσ
αβ + 4β
K
D2
σαβK
αβ + 8
β
KD2
(
∇ˆασαβ∇ˆγσγβ
)
+O
(
1
D2
)
(5.2)
The vector membrane equation is given by[
∇ˆ2uσ
K −
(
1− β K
2
(D − 3)2
) ∇ˆσK
K + u
αKασ −
(
1 + β
K2
(D − 3)2
)
u · ∇ˆuσ
]
Pσγ
+
[
− u
βKβδK
δ
σ
K +
(
1− βK
2
D2
) ∇ˆ2∇ˆ2uσ
K3 −
(∇ˆσK)(u · ∇ˆK)
K3 −
(∇ˆβK)(∇ˆβuσ)
K2 −
2Kδσ∇ˆδ∇ˆσuσ
K2
−
(
1 + β
K2
D2
) ∇ˆσ∇ˆ2K
K3 +
∇ˆσ(KβδKβδK)
K3 + 3
(
1 + β
5K2
3D2
)
(u ·K · u)(u · ∇ˆuσ)
K
− 3
(
1 + β
K2
D2
)
(u ·K · u)(uβKβσ)
K − 6
(
1 + β
7K2
3D2
)
(u · ∇ˆK)(u · ∇ˆuσ)
K2
+ 6
(
1 + β
5K2
6D2
)
(u · ∇ˆK)(uβKβσ)
K2 + 3
(
1 + β
8K2
3D2
)
u · ∇ˆuσ
D − 3 − 3
(
1 + β
K2
D2
)
uβKβσ
D
]
Pσγ
+
(
β
K2
D2
)[
uαuβ∇ˆα∇ˆβuσ
K +
3
K
∇ˆ2uβ
K σ
β
σ +
7
K
∇ˆ2uβ
K ω
β
σ +
u · ∇ˆuβ
K σ
β
σ − 3
u · ∇ˆuβ
K ω
β
σ
− 4Ku · ∇ˆuβP
βαKασ +
3
Ku
δKδβσ
β
σ +
3
Ku
δKδβω
β
σ +
(
− 4
D
+ 9
u · ∇ˆK
K2 − 4
u ·K · u
K
)
∇ˆ2uσ
K
]
Pσγ
= O
(
1
D
)2
(5.3)
where,
σαβ = PµαPνβ
∇ˆµuν + ∇ˆνuµ
2
− Pαβ
D − 2∇ˆ · u
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is the shear and
ωαβ = PµαPνβ
∇ˆµuν − ∇ˆνuµ
2
is the vorticity of the membrane velocity field uµ. The first line in the vector mem-
brane equation is the leading order in 1/D contribution to the membrane equation
and the rest are first subleading order in 1/D corrections to the membrane equation.
5.2 The metric corrections
The metric corrections (3.12) are written in terms of components with various tensor
structures w.r.t the hypersurface orthogonal to the velocity vector u and the normal
vector n. Since, the differential equations for the corrections are Ordinary linear dif-
ferential equations, the metric components in different tensor structures do not mix.
The sources to the homogeneous parts of each sector also preserve the tensor struc-
ture. Below we present the differential equations obtained in each tensor structure.
We write down the explicit form of the homogeneous parts of the equations here
with a schematic form for the corresponding sources. We also present the solutions
to these equations which preserve the right boundary and regulation conditions here
in an integrated form in terms of the schematic sources like in [15]. For the detailed
formulas for the sources, the reader is referred to the Appendix (A).
5.2.1 The tensor sector
Let EMN = 0 be the ordinary differential equations obtained by applying the EGB
equations to the first subleading order in 1/D metric plus the second order metric
corrections. Then the decoupled equation for the tensor sector is obtained from the
following combination
PAMPBNEAB −
PMN
D − 2P
ABEAB (5.4)
The decoupled tensor equations at different orders in β are given by
− K
2
2D2
(
dH
(0,T )
MN
dR
+ (1− e−R)d
2H
(0,T )
MN
dR2
)
+ S(0,T )MN (R) = 0
and,
− K
2
2D2
(
dH
(1,T )
MN
dR
+ (1− e−R)d
2H
(1,T )
MN
dR2
)
+ S(1,T )MN (R)
+
K4e−2R
2D4
(
dH
(0,T )
MN
dR
+ (eR − 1)d
2H
(0,T )
MN
dR2
)
= 0
(5.5)
where, the superscript over the metric corrections denote the order in powers of β and
the tensor structure respectively. S(0,T )MN (R) and S(1,T )MN (R) denote the corresponding
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sources for the differential equations in terms of membrane data. The equation at
linear order in β contains an extra source piece coming from the solution of the metric
correction at zeroth order in β. Hence, the procedure involves first solving for the
zeroth order in β metric corrections and then using it to solve for the first order in
β metric corrections while imposing the regularity and boundary conditions at each
order.
In [15] a detailed algorithm to obtain solutions to the differential equations ap-
pearing in two derivative theory of gravity in an integrated form for arbitrary sources
with the boundary conditions mentioned above was presented. Since, the structure
of the homogeneous part in our case is also completely determined by the two deriva-
tive part of the EGB equations, we can use the solutions presented there adapted to
the sources for EGB gravity. We present the solution here.
H
(0,T )
MN = −2
D2
K2
∫
∞
R
dy
ey − 1
∫ y
0
dx ex S(0,T )MN (x) (5.6)
and
H
(1,T )
MN = −2
D2
K2
∫
∞
R
dy
ey − 1
∫ y
0
dx ex Sˆ(1,T )MN (x) (5.7)
where,
Sˆ(1,T )MN (R) = S(1,T )MN (R) +
K4
2D4
(
e−2R
dH
(0,T )
MN
dR
+ (e−R − e−2R)d
2H
(0,T )
MN
dR2
)
5.2.2 The vector sector
The decoupled equation for the vector sector is obtained from the combination
uAEABPBM and is given by
− K
2
2D2
(1− e−R)e−R d
dR
(
eR
dH
(0,V )
M
dR
)
+ S(0,V )M (R) = 0
− K
2
2D2
(1− e−R)e−R d
dR
(
eR
dH
(1,V )
M
dR
)
+ S(1,V )M (R)−
K4
2D4
(1− e−R) d
dR
(
e−R
dH
(0,V )
M
dR
)
= 0
(5.8)
Using the results of [15] the solutions to the above equations can be written as
H
(0,V )
M (R) = −2
D2
K2
∫
∞
R
dy e−y
∫ y
0
dx
e2x
ex − 1S
(0,V )
M + e
−RC
(0,V )
M (5.9)
where, C
(0,V )
M is chosen so that H
(0,V )
M (R = 0) = 0. The solution for the linear in β
part of metric corrections is
H
(1,V )
M = −2
D2
K2
∫
∞
R
dy e−y
∫ y
0
dx
e2x
ex − 1 Sˆ
(1,V )
M + e
−RC
(1,V )
M (5.10)
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where,
Sˆ(1,V )M (R) = S(1,V )M (R)−
K4
2D4
(1− e−R) d
dR
(
e−R
dH
(0,V )
M
dR
)
and C
(1,V )
M is chosen so that H
(1,V )
M (R = 0) = 0.
5.2.3 The scalar sector
The scalar sector contains two independent metric correction components, namely:
H(Tr) and H(S). The decoupled equation for H(Tr) is obtained via the combination
OMONEMN and is given by
− K
2
2D2
d2
dR2
H(0,T r) + S(0,T r) = 0
− K
2
2D2
d2
dR2
H(1,T r) + S(1,T r) − K
4
D4
e−R
d2
dR2
H(0,T r) = 0
The solution for the above equations can be written as
H(0,T r) = 2
D2
K2
∫
∞
R
dy
∫
∞
y
dx S(0,T r) (5.11)
and
H(1,T r) = 2
D2
K2
∫
∞
R
dy
∫
∞
y
dx Sˆ(1,T r) (5.12)
where,
Sˆ(1,T r)(R) = S(1,T r) − K
4
D4
e−R
d2
dR2
H(0,T r)
There is no decoupled equation available for H(S). We use the combination of EGB
equation given by OMuNEMN to solve for the H(S) corrections once all other correc-
tions are solved for20. The equation at order O(β0) is given by
K2
2D2
(
d
dR
H(0,S) +
d2
dR2
H(0,S)
)
+ Sˆ(0,S) = 0 (5.13)
where,
Sˆ(0,S) = − K
2
4D2
e−R
d
dR
H(Tr0) +
K2
2D2
∇AH(V0)A
K + S
(0,S) (5.14)
The equation at order O(β1) is given by
K2
2D2
(
d
dR
H(1,S) +
d2
dR2
H(1,S)
)
+ Sˆ(1,S) = 0 (5.15)
20In [15] the constraint equation along the O vector was used to solve for H(S)
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where,
Sˆ(1,S) = K
4
D4
e−2R
[
− eR
(
d
dR
H(0,S) − d
2
dR2
H(0,S)
)
− ∇
AH
(0,V )
A
K +
(
1− e
R
4
)
d
dR
H(0,T r)
+ (−1 + eR) d
2
dR2
H(0,T r)
]
− K
2
4D2
e−R
d
dR
H(1,T r) +
K2
2D2
∇AH(1,V )A
K + S
(1,S)
(5.16)
The solutions are given by
H(0,S) =
2D2
K2
∫
∞
R
dy e−y
∫ y
0
dx exSˆ(0,S) + e−RC(0,S) (5.17)
where, C(0,S) is chosen so that H(0,S)(R = 0) = 0 and
H(1,S) =
2D2
K2
∫
∞
R
dy e−y
∫ y
0
dx exSˆ(1,S) + e−RC(1,S) (5.18)
where, C(1,S) is chosen so that H(1,S)(R = 0) = 0.
6 The Entropy Current
For the Einstein-Hilbert gravity it was shown in [19] that the membrane entropy
current for the black hole in the dual membrane picture is proportional to the velocity
vector field of the membrane. More precisely, it was shown that to leading order the
membrane entropy current is given by
JµS =
uµ
4
+O(1/D2) (6.1)
And using subleading order membrane equations for two derivative gravity derived
in [15] it can be shown that
∇ˆ · JS = 1
2Kσµνσ
µν +O(1/D2) (6.2)
The above equation can be thought of as a local version of the second law of black
hole thermodynamics. Hence, we get the second law out of the membrane equations
without it being used as an explicit input.
Since, no candidate expression for second law ( in full generality) for EGB gravity
is known, the task will be to write down the expression for an entropy current which
has a non-trivial positive definite divergence in the large D limit (upto linear order
in β). This entropy current must satisfy some general criteria, namely
• In the limit of β → 0 the entropy current should reduce to the corresponding
quantity for Einstein-Hilbert gravity.
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• In the limit of stationary “dynamics” the integrated entropy from the mem-
brane picture should match the Wald entropy of the corresponding stationary
black hole.
To do this it will be convenient to recast the scalar membrane equation into a more
useful form.
Consider the membrane propagating in background flat spacetime. Let Rαβ
be the intrinsic Ricci curvature of the membrane world-volume. According to the
Gauss-Codacci equation (see e.g. Eq.(3.39) of [24]) we have
Rαβ = KKαβ −KαµKµβ
=⇒ R = K2 −KαβKαβ
and, u · R · u = Ku ·K · u− u ·K ·K · u (6.3)
Using this we can recast the scalar membrane equation (5.2) as
∇ˆ · u = 2K (1− αR)σαβσ
αβ + 4α σαβRαβ + 8αK
(
∇ˆασαβ∇ˆγσγβ
)
+O
(
1
D2
)
(6.4)
It is clear from the above equation that the entropy current is not the same as
in Einstein-Hilbert gravity as the divergence of the velocity field is not manifestly
positive definite for any membrane configuration.
We propose that an entropy current for the membrane dual to black holes in
EGB gravity upto linear order in β is given by
JµS =
1
4
(1 + 2αR)uµ − α uαRαµ − 2αK ∇ˆ
βσβασ
αµ − α u · ∇ˆuβ∇ˆβuµ +O
(
1
D3
)
=
1
4
uµ − α uα
(
Rαµ − 1
2
Rgαµ
)
− 2αK ∇ˆ
βσβασ
αµ − α u · ∇ˆuβ∇ˆβuµ +O
(
1
D3
)
(6.5)
The divergence of the above entropy current is given by
∇ˆ · JS = ∇ˆ · u
4
− α∇µuα
(
Rαµ − 1
2
Rgαµ
)
− 2αK (∇ˆ · σ)
2 − α u · ∇ˆuβRαβuα +O(1/D2)
(6.6)
In the above we substitute the value of ∇ˆ · u from the scalar membrane equation
(6.4) and use the following identity
Rµα∇ˆµuα = σαβRαβ + u · ∇ˆuαRαµuµ (6.7)
to get
∇ˆ · JS = σαβσ
αβ
2K (1 + αR) +O(1/D
2). (6.8)
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Hence, the proposed entropy current has a positive definite divergence21. The current
written above reduces to the entropy current for the two derivative Einstein-Hilbert
gravity in the limit where, the GB parameter β → 0 (at leading order in 1/D). Hence,
it satisfies one of the consistency conditions. In the next subsection we demonstrate
the second consistency condition, namely the match with the Wald entropy of the
dual black holes in the stationary limit.
6.1 Comparison with Wald Entropy
We define the stationary configuration of the membrane as the one where there is
no entropy production. In terms of the entropy current defined above these con-
figurations would correspond to zero divergence of the entropy current. From the
above section we see that the stationary configuration (like in the Einstein-Hilbert
gravity) corresponds to the membrane configuration where the shear of the velocity
field vanishes. We also have
∇ˆ · u = 0 (6.9)
Since, the velocity field is both shear and divergenceless, it must be proportional to
a timelike Killing vector field present in the membrane world-volume [25]. So, the
existence of stationary configuration necessitates the presence of a timelike Killing
vector field in the membrane world-volume.
Since, the entropy current is conserved in the stationary configuration we can
compute the entropy which is the charge corresponding to this current on any ar-
bitrary space-like slice of the membrane world-volume. Since, the membrane world-
volume has a timelike Killing vector field, we can choose a ‘Kaluza-Klein’ like co-
ordinate system (used also in [26]), in which the induced metric on the membrane
world-volume is given by
ds2ind = −e2σ(x)
(
dt+ ai(x)dx
i
)2
+ fij(x)dx
idxj (6.10)
It is clear from the form of this metric that the ∂
∂t
is the Killing vector field. Let us
now construct the entropy by integrating the entropy current over the t =constant
spacelike slice, Σt. Let qµ be the unit normal to the slice Σt in the membrane world-
volume.
Smem =
∫
Σt
√
hJµqµ =
∫
Σt
√
feσ(x)J t. (6.11)
In the above we have used some results associated with the Kaluza-Klein type metric
from section 6 of [26]. Using the fact that we are in the stationary configuration, the
21We confine ourselves to dynamics which preserve a large isometry in the D →∞ limit. In this
limit the leading order contribution to the trace of the extrinsic curvature comes from the curvature
of the large sphere in the isometry directions. Hence, the trace of the extrinsic curvature is always
positive definite in the situations that we consider. Also, at leading order in 1/D, R = K2 and
hence positive definite.
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entropy for EGB gravity in the Kaluza-Klein type coordinates then evaluates to
Smem =
∫
Σt
√
f
(
1
4
(1 + 2αR)− αRtt
)
(6.12)
Now, using the results in section 2.1 of [27] we have 22
R = R¯ − 2∇¯2σ +O(1) (6.13)
Also,
Rtt = Rititgtt +Rµtµjgtj
where, Ritit = Γ¯iije2σf jm∂mσ +O(1) = −e2σ∇¯2σ +O(1)
and Rµtµj = Γ¯kkle2σf lk∂kσaj +O(1) = −e2σ∇¯2σaj +O(1) (6.14)
Combining the expressions above we have,
Rtt = (−e−2σ + a2)(−e2σ∇¯2σ)− aj(−e2σ∇¯2σaj) = ∇¯2σ +O(1) (6.15)
where, R¯ is the Ricci scalar of the metric fij . Hence, from (6.13) and (6.15) we have
Smem =
∫
Σt
√
f
(
1
4
(
1 + 2αR¯)+O(1/D2)) (6.16)
We now turn our focus on the Wald entropy for stationary black holes in EGB gravity
which is given by the following expression (e.g.[7])
SWald =
1
4
∫
Σv
√
h (1 + 2α R
v
) . (6.17)
Here, Σv are spatial slices of the horizon at constant v such that ∂v is the generator of
the event horizon. R
v
is the intrinsic curvature of the induced metric on Σv thought
of as being embedded in the black hole spacetime.
In our conventions, the spacetime metric on the horizon of the black hole is given
by
gMN = ηMN +OMON +H
(T )
MN +
1
D
H(Tr)PMN (6.18)
the above metric is rank two as the event horizon is a null hypersurface. It was
shown in [19] (section 7) that for computing dot products of all vectors tangent to
the event horizon the above metric is equivalent to the metric given by
HMN = PMN +H(T )MN +
1
D
H(Tr)PMN (6.19)
22In this section the quantities with overhead bar are w.r.t. the metric fij .
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For all practical purposes the above metric can also be taken to be the metric on the
slice Σv mentioned above. From our computations we know that
H(Tr) = H(0,T r) + βH(1,T r) , H
(T )
MN = H
(0,T )
MN + βH
(1,T )
MN (6.20)
where,
H(0,T r) = O
(
1
D3
)
, H(1,T r) = O
(
1
D2
)
, H
(0,T )
MN = O
(
1
D2
)
, H
(1,T )
MN = O
(
1
D
)
(6.21)
For a metric which can be written as
gMN = g¯MN + kMN +O(k2) (6.22)
the determinant is given by
√
g =
√
g¯
(
1 +
1
2
g¯MNkMN
)
(6.23)
and the Ricci Scalar is given by
Rg = −RMNg¯ kMN + ∇¯M∇¯NkMN + ∇¯2kMM (6.24)
Hence, upto O(1/D2) and upto O(β) we get
√
h =
√
P|Σv
(
1 +
β
2
H(1,T r)
)
|Σv
R
v
= RP +O(1) (∵ trace and divergences add orders of D) (6.25)
We must remember that due to the isometry of the configurations R
v
is O(D2).
Hence, the Wald entropy on the membrane world-volume is given by
SWald =
1
4
∫
Σv
√
P (1 + 2αRP) (6.26)
Going back once again to the Kaluza-Klein type metric in the membrane picture the
projector orthogonal to u vector (∂t vector in this case), is the metric fij . Hence, the
membrane entropy can also be written in a more covariant form as
Smem =
1
4
∫
Σt
√
P (1 + 2αRP) (6.27)
To leading order in β the Wald entropy matches the entropy obtained from the
membrane picture if
P|Σv = P|Σt .
Once the above is assumed it naturally follows that the intrinsic curvature calculated
will also be the same for these metrics and hence we have a match between Wald
entropy and membrane entropy to linear order in β upto subleading order in 1/D.
– 21 –
7 Some results non-perturbative in β for EGB gravity
Until now all the results presented by us at second order in 1/D are valid upto linear
order in β in a perturbative expansion. We obtain a membrane entropy current which
has a manifestly positive definite divergence upto O(β) 1at O(1/D). The natural
question that comes to mind is if there will still exist an entropy current with positive
definite divergence non-perturbatively in β. The first step in this direction is to find
the membrane equation upto first subleading order in 1/D non-perturbatively in β.
In this section we present the leading order membrane equations non-perturbatively
in β for EGB gravity.
The starting point for the computation is the non-perturbative Kerr-Schild form
of the Schwarzschild metric for EGB gravity given by
ds2 = −dt2 + dr2 + r2dΩ2D−2 + (1− f(r))(dt+ dr)2
where, f(r) = 1 +
r2
2β

1−
√
1 +
4βrD−3h
rD−1
(
1 +
β
r2h
) (7.1)
using this we write the ansatz metric as
ds2ansatz = ds
2
flat −
D2
2βK2ψ
2
(
1−
√
1 + 4β
K2
D2
1
ψD−1
(
1 + β
K2
D2
))
(OMdx
M)2.
(7.2)
Next we apply the algorithm mentioned in the earlier sections to correct the metric
at sub-leading order. In this case we do not grade the metric corrections in a per-
turbative series in β. Due to the special property of Einstein-Gauss-Bonnet (EGB)
gravity and more generally of Lovelock-Lanczos type gravity, the ordinary differ-
ential equations on the metric corrections are still of order two and the constraint
equations are still order one. Both the coefficients of the homogeneous part of the
ODEs and the sources are much more complicated in this case. The homogeneous
parts of the relevant constraint equations vanish when evaluated at R = 0 ( assuming
that the metric corrections are regular everywhere) . We are again left with a set
of constraint on the membrane data: namely the leading order in 1/D membrane
equations non-perturbatively in β given by[
∇ˆ2uµ
K −
(
1− β
K2
D2
1 + 2β K
2
D2
+ 2β2 K
4
D4
)
∇ˆµK
K + u
αKαµ
−
(
1 +
β K
2
D2
1 + 2β K
2
D2
+ 2β2K
4
D4
)
u · ∇ˆuµ
]
Pµσ = O
(
1
D
)
and
∇ˆ · u = O
(
1
D
)
(7.3)
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Once the membrane equations are satisfied the ODEs for the metric corrections can
be solved with the same boundary and regularity conditions mentioned earlier for
the perturbative case. We do not present the results for the metric corrections here
as the solutions are very long and do not help in gaining any new understanding of
the black hole dynamics relevant at this order in 1/D.
7.1 Leading order entropy current at non-perturbative order
Inspired by the form of the entropy current derived above at subleading order in 1/D
(upto linear order in β), we can write down an entropy current at leading order in
1/D but non-perturbatively in β given by
Jµ,NPS =
uµ
4
(1 + 2αR)− α uαRαµ +O(1/D2) (7.4)
This current has the right β → 0 limit in the sense that it matches the entropy
current of the Einstein-Hilbert gravity. The divergence of the above entropy current
using the non-perturbative membrane equations is given by
∇ˆ · JNPS =
∇ˆ · u
4
− α∇ˆµuα
(
Rαµ − 1
2
gαµR
)
= O(1/D) (∵ ∇ˆ · u = O(1/D)) (7.5)
i.e. there is no entropy production at leading order in large D for EGB gravity. This
is similar to result obtained for Einstein-Hilbert gravity. To understand if there exists
an entropy current for EGB gravity which satisfies second law we need to evaluate
the non-perturbative in β membrane equation of motion upto subleading order in
1/D. We leave this task for a future project.
7.2 A world-volume stress tensor
A correct world volume stress tensor23 for the membrane at a given order in 1/D has
the property that its conservation equations are satisfied on-shell. From the form
of the non-perturbative in β membrane equation at leading large D order presented
above one can guess the form of the world-volume stress tensor to the relevant order
as
16πTµν = (1 + αK2)Kuµuν +
(
1−B
1 +B
)
(1 + αK2)Kµν − 2
(
1 + αK2
1 +B
)
σµν
+ Aµuν + Aνuµ
B =
αK2
1 + 2αK2 + 2α2K4 , Aµ = −4αK
2
(
1 + αK2
1 + 2αK2
)
uαKαβPβµ , α =
β
(D − 3)(D − 4)
(7.6)
23A world-volume stress tensor is defined only in the world-volume of the membrane. It is not
the stress tensor of the membrane in the spacetime and hence cannot be used to compute the
gravitational radiation due to the membrane in the spacetime.
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The conservation equation of this stress tensor along the velocity vector field is given
by
16π∇ˆµTµνuν = −(1 + αK2)K∇ˆ · u− u · ∇ˆK(1 + αK2)− 2αK2u · ∇ˆK
+
1 + αK2 + 2αK4
1 + 2αK2 u · ∇ˆK − 2
1 + 2αK2 + 2α2K4
1 + 2αK2 ∇ˆ
µσµνu
ν (7.7)
Also,
∇ˆµσµνuν = O(1).
Combining the above two we get
16π∇ˆµTµνuν = −(1 + αK2)K∇ˆ · u+O(1)
= O(1) (∵ ∇ˆ · u = O(1/D)) (7.8)
Similarly, the conservation equation orthogonal to the velocity vector field is given
by
16π∇ˆµTµνPνα = (1 + αK2)Ku · ∇ˆuνPνα +
1 + αK2 + 2α2K4
1 + 2αK2 ∇ˆνKP
ν
α
−21 + 2αK
2 + 2α2K4
1 + 2αK2 ∇ˆ
µσµνPνα +O(1) (7.9)
Also,
∇ˆµσµνPνα =
∇ˆ2uβ +K(u ·K)β
2
Pβα +O(1) (7.10)
Combining the above two equations along with the leading order vector membrane
equation we see that
∇ˆµTµνPνα = O(1).
hence, the membrane stress tensor is conserved to leading order provided the leading
order membrane equations are satisfied. The overall normalisation of the stress tensor
is fixed by matching the total energy on a static spherical membrane with the mass
of a static spherical black hole of horizon radius same as the radius of the membrane.
7.2.1 The η/s ratio
We define the coefficient of shear tensor in the membrane world-volume stress tensor
(with the above mentioned normalisation) as the “shear viscosity coefficient” ‘η’ of
the membrane. The ratio of the shear viscosity to entropy density of the membrane
for EGB gravity is then given by
η =
1
16π
(
1 + αK2
1 +B
)
, s =
1
4
(
1 + 2αK2) , η
s
=
1
4π
[
1− 2αK2 (1 + αK
2)
(1 + 2αK2)2
]
(7.11)
The ratio matches with the η/s ratio of the dual boundary conformal fluid for EGB
gravity derived in [28] upto linear order in α. Ideally we should be computing the
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boundary stress tensor sourced by the membranes in AdS space (see [26] for similar
analysis in Einstein-Hilbert gravity). But this match at linear order in α is in similar
spirit to the match of the corresponding ratio in [26].
7.3 Stationary solutions
At the leading order in largeD there is no entropy production even non-perturbatively
in β. But we borrow intuition from the membrane equations at subleading order for
Einstein-Hilbert gravity derived in [15] and for EGB gravity perturbatively in β here
to invoke the condition on stationarity as the absence of shear for the membrane
world-volume velocity field. Since, the velocity field is both divergenceless (using
membrane equation) and shear-less, it has to be proportional to a timelike Killing
vector field kµ present in the membrane world-volume. i.e.
uµ = γkµ.
where γ is the normalization factor. Using this form of velocity the scalar membrane
equation is trivially satisfied as
k · ∇γ = 0 (∵ k is killing vector).
The vector membrane equation becomes[
−(1 +B)∇ˆνγ
γ
+ (1− B)∇ˆνKK
]
Pνσ = O(1/D) (7.12)
Which can be messaged into a more suggestive form in the following manner
=⇒
[
−∇ˆνγ
γ
+
(1− B)
(1 +B)
∇ˆνK
K
]
Pνσ = O(1/D)
=⇒
[
−∇ˆνγ
γ
+
∇ˆνK
K −
2B
(1 +B)
∇ˆνK
K
]
Pνσ = O(1/D)
=⇒
[
−∇ˆν ln γ + ∇ˆν lnK + ∇ˆν ln
(
1 + αK2
1 + 2αK2
)]
Pνσ = O(1/D)
=⇒ ∇ν ln
(K
γ
1 + αK2
1 + 2αK2
)
Pνσ = O(1/D)
=⇒ K
γ
1 + αK2
1 + 2αK2 = C where, C is a constant
(7.13)
The constant can be fixed by comparing what the left hand side above evaluates for
a static black hole in the leading large D limit. Comparing with the temperature of
static black hole for EGB gravity obtained in [29], the constant can be fixed to be
given by
K
γ
(
1 + αK2
1 + 2αK2
)
= 4πT0 (7.14)
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7.4 Thermodynamics of the Static Black Hole
The membrane stress tensor can be used to compute the energy of a spherical static
membrane of radius r0. This is given by
M = ΩD−2r
D−2
0 T00 =
(D − 2)
16πr0
(
1 +
β
r20
)
rD−20 ΩD−2 (7.15)
This exactly matches with the mass of static black holes in EGB gravity given in
Eq 7 of [29] with our ansatz metric and Eq 8 in that paper then gives the right
match of mass of static black hole with the result derived above. Similarly, the
leading order entropy current derived above can be used to compute the entropy of
the corresponding static black hole to be given by
Sent =
rD−20 ΩD−2
4
(
1 + 2
β
r20
)
(7.16)
which matches at the leading order in 1/D with the corresponding expression in Eq
13 of [29].
7.5 Quasinormal mode frequencies for the static spherical black holes
The effective membrane equations for Einstein-Hilbert gravity could successfully re-
produce the spectrum of light quasi-normal modes about Schwarzschild black holes
in the D → ∞ limit (see[13, 15]). In this section we use the effective membrane
equation to leading order (non-perturbative in β) to predict the light quasi-normal
modes of the static spherical black hole of unit horizon size in EGB gravity. Consider
background flat spacetime in the spherical polar coordinates
ds2 = −dt2 + dr2 + r2dΩ2D−2 (7.17)
The membrane configuration which computes the light QNMs of static black holes
is given by
r = 1 + ǫδr(t, a) , u = −dt + ǫδut(t, a)dt + ǫδua(t, a)dθa (7.18)
where, θa denotes the angular coordinates on the D − 2 dimensional unit sphere.
We work upto linear order in the strength of the fluctuation denoted by ǫ. The
membrane equations upto linear order in ǫ for this configuration is given by(
1 +
∇¯2
D
)
δua + (1− B)∇¯a
(
1 +
∇¯2
D
)
δr − ∂t∂aδr − (1 + B)∂tδua = 0 (7.19)
and the scalar membrane equation becomes
∇¯aδua +D∂tδr = 0 (7.20)
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where the covariant derivative w.r.t. the metric on the unit sphere is denoted by ∇¯.
And
B = β
1 + 2β + 2β2
. (7.21)
The fluctuations can be decomposed into the basis of scalar and vector spherical
harmonics and the Fourier basis in time. This decomposition converts the membrane
equations into a set of algebraic equations for each angular momentum number.
The frequencies of scalar and vector modes are obtained by solving these algebraic
equations and are given by
ωv =
−i(l − 1)
1 + B , ωs =
−i(l − 1)±
√
(l − 1)(1− B2l)
1 + B (7.22)
The spectrum of light QNMs for scalar and vector modes were obtained from the
effective equations in the mass-momentum formalism in [30] (see section 5.1). Our
results for the scalar and vector spectra match with that analysis.
7.5.1 Linear stability analysis of static spherical black holes
From the above expressions of the light QNMs it is clear that the static black hole
is unstable (i.e. the linearised modes grow in time) if
1 + B ≤ 0
i.e. −1 ≤ β ≤ −1
2
(7.23)
Interestingly, the leading order in large D contribution to Wald entropy of the static
black hole is negative for αR ≤ −1
2
and hence falls into the region of instability
mentioned above. Hence, the value of the GB parameter is constrained by the re-
quirement of linear stability and positivity of Wald entropy.
Again looking at the scalar modes we see that for l ≥ 1
B2
the scalar mode is
purely imaginary. If we confine ourselves to β ≥ −1
2
then
1
B2 ≥ 1 and hence for l ≥
1
B2 ≥ 1, (7.24)
we get purely imaginary scalar modes. Also, one of the scalar modes with frequency
−i(l−1)−
√
(l−1)(1−B2l)
1+B
becomes unstable if
(l − 1)−
√
(l − 1)(B2l − 1) ≤ 0
=⇒ l − 1 ≤ B2l − 1
=⇒ B2 ≥ 1 (7.25)
Which is not possible once we have β ≥ −1
2
. So to conclude, in the allowed regime
of β ≥ −1
2
all the linearised modes are stable.
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8 Summary and Future Directions
In this paper we have derived the equations governing the membranes dual to dy-
namical black holes in the large D limit in two different regimes
• Perturbatively in β (the GB parameter) upto O(β) but upto subleading order
in 1/D and
• Non-perturbatively in β but upto leading order in 1/D
We have also constructed an membrane entropy current in both of these cases from
the membrane equations which satisfy a local form of second law of thermodynamics
in the corresponding regimes. What we mean by this is that when the membrane
equations are obeyed, the divergence of Entropy current is always positive definite.
We find a non-trivial but positive definite entropy production in the perturbative β
regime. We have not yet mapped the membrane entropy current to the corresponding
quantities in the black hole picture except in the stationary configuration. We have
shown that the entropy obtained by integrating the entropy current on the membrane
world-volume in the stationary configuration matches the Wald entropy of the dual
stationary black holes.
For the non-perturbative in β regime we have written down a world-volume stress
tensor from two conditions, namely:
• The stress tensor is conserved on shell upto relevant order in 1/D
• The energy of a static spherical membrane computed from the stress tensor
matches the mass of the static spherical black hole solution of EGB gravity
with the same radius.
We have also constructed the effective membrane equation for stationary membranes
in this regime.
We have seen that both in Einstein-Hilbert gravity and the perturbative in β
analysis here that non-trivial entropy production takes place only at first subleading
order in 1/D. Hence, we would like to work out the dual membrane equations non-
perturbatively in β but upto subleading order in 1/D for EGB gravity. Once, we
have the membrane equations it will be interesting to see if we can construct an
entropy current which satisfies the second law.
It will also be interesting to understand more about the general theory of mem-
branes which are dual to black holes in large D gravity, which are consistent with
the presence of an entropy current which has a positive definite divergence24. The
idea will be to put constraints on the transport coefficients of the membrane from
24We would like to accomplish a task similar to [31], where the authors derived a theory of first
order in derivative superfluid dynamics.
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the validity of second law which can then be thought of as the possible constraints
on the most general classical theory of gravity.
It will also be interesting to work out a more detailed map between geometrical
quantities on the black hole and on the membrane world-volume. Some progress in
this direction for Einstein-Hilbert gravity has been made in [32].This map is necessary
to understand what the membrane entropy current evaluates to in the black hole
picture so that we have a better understanding of the quantity that satisfies second
law in terms of the black hole variables. This is also necessary to match the results
obtained by us to the corresponding results in a different regime of dynamics in [3, 4]
and [7]. In this paper we have managed to work out this map in the stationary case
upto relevant orders in β and 1/D.
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Appendix
A The sources for the second order EGB equations
In this appendix we write down the explicit forms of the sources for the EGB equa-
tions at second order in 1/D. In all the expressions given below we will be using two
different types of projectors given by
PMN = ηMN − nMnN + uMuN
ΠMN = ηMN − nMnN (A.1)
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A.1 The tensor sector
S(0,T )MN = e−R
[K
D
(KAB −∇(AuB))− (KCA −∇CuA)(KDB −∇DuB)PCD
]
PAMPBN
and,
S(1,T )MN =
K2
D2
e−2R
[
(1 + eR)KACKBDPCD − 2∇(AuCPCDKDB) + (1− eR)∇(AuC)∇(BuD)PCD
+ (3 + eR)∇[AuC]∇[DuB]PCD − 2(1 + eR)∇((AuC)PCD∇[DuB])
+
( K
2D
(−4 + 2(−2 + eR)R +R2)+ u ·K · u)KAB
+
(
− K
2D
(−4 − 4R +R2 + 2eR(1 +R))+ u ·K · u)∇(AuB)
− 2eR(u · ∇uA − uCKCA)(u · ∇uB − uDKDB)
− K
D
u ·K · u+ K
2
2D2
(−2 − 4R +R2 + 2eR(1 +R))PAB
]
PAMPBN
(A.2)
A.2 The vector sector
S
(0,V )
M = −Re−R
D
K
[K2
D2
nA∇(AuF ) + K
D
uDKDE(KAF −∇AuF )PEA − ∇DK
D
PCD(KCF −∇CuF )
]
PFM
and,
S
(1,V )
M =
K2
D2
e−2R
[(
1− eR
2
)
uC∇C(ΠAE∇AuBΠBF )uE − 3(1− eR)(1− R)
∇2uC
K P
CB∇(BuF )
+ (1− eR)(−3 + 5R)∇
2uC
K P
CB∇[BuF ] + (3− 3R + eR(−3 + 2R))∇
2uC
K P
CBKBF
− (5− 3R + eR(−5 + 2R))u · ∇uCPCBKBF − (1− eR)(−5 + 3R)u · ∇uCPCB∇(BuF )
+ 5(1− eR)(1−R)u · ∇uCPCB∇[BuF ] + 1− e
R(1 + 2R)
2
uAK
A
CPCBKBF
+ReRuAK
A
CPCB∇[BuF ] + 3− e
R(3 + 4R)
2
u ·K · u uBKBF + (−1 + eR(1 + 2R))u · ∇KK u
BKBF
− K
4D
R(−3(−4 +R) + eR(−10 + 3R))uBKBF + (−3 + eR(3 + 2R))u ·K · u u · ∇uF
+ 2(1− eR(1 +R))u · ∇KK u · ∇uF +
K
2D
(4 + 6R− 3R2 + eR(−4− 4R + 3R2))u · ∇uF
+ (1− eR)u ·K · u∇
2uF
K + (−1 + e
R)
u · ∇K
K
∇2uF
K +Re
RuAK
A
CPCB∇(BuF )
+
K
4D
(−8 + 3R2 − eR(−8 + 2R + 3R2))∇
2uF
K
]
PFM
(A.3)
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A.3 The scalar sector
A.3.1 The trace sector
S(0,T r) = 0
and,
S(1,T r) = −2K
2
D2
e−R
[
(KCA −∇CuA)(KDB −∇DuB)PABPCD − K
2
D − 3 − 2
K
D
u ·K · u+ K
2
D2
]
(A.4)
A.3.2 The H(S) sector
S(0,S) = e−R
[
∇AuB∇CuDΠBCΠAD − 2∇[AuB]∇[CuD]ΠBCΠAD − R
2
2
u · ∇uCPCAu · ∇uA
+ 2uBKBAu · ∇uCPCA +R2u · ∇uCPCA∇
2uA
K − 2uBK
B
CPCA∇
2uA
K +
2− R2
2
∇2uA
K
∇2uC
K P
CA
− 2
(
u · ∇K
K − u ·K · u
)2
+
−2 +R2
2D
(Ku ·K · u− u · ∇K)
]
and,
S(1,S) =
K2
D2
e−R
[
1
2
e−R(−8 + 3eR(−1 +R))∇A
(
∇ˆ2∇ˆ2uA
K3
)
+ (−1 +R)∇A
(
∇ˆA∇ˆ2K
K3
)
+KABK
AB − K
2
D − 3 + (1− 4e
−R)∇AuB∇CuDPACPBD − e−R∇[AuB]∇[CuD]PACPBD
− 1
2
e−R(−4(2−R +R2) + eR(−10− 4R + 5R2))∇
2uA
K
∇2uB
K P
AB
− e−R(−4 + (2− 4eR)R + (−2 + 3eR)R2)u · ∇uAu · ∇uBPAB
+
1
2
e−R(−8 + (2− R +R2) + eR(−10− 12R + 11R2))u · ∇uB∇
2uA
K P
AB
+ 2(1 + 2e−R)uBKBAu
CKCDPAD − 1
2
e−R(24 + eR(−6 +R2))uBKBAu · ∇uCPAC
+
1
2
e−R(40 + eR(2− 4R +R2))∇
2uC
K u
BKBAPAC + e−R(−32 + eR(5−R + 2R2))u ·K · uu · ∇KK
− e−R(−8 + eR(4 +R2))(u ·K · u)2 − e−R(−36 +R2eR)
(
u · ∇K
K
)2
+
1
2
e−R(−4(−5 +R)R
+ eR(4− 4R− 4R2 +R3))u · ∇K
D
− 1
2
e−R(−4(1− 5R +R2) + eR(8− 5R2 +R3))K
D
u ·K · u
− 1
2
e−R(eR(−1 +R) + 2(−1− 3R +R2))K
2
D2
]
(A.5)
where ∇ˆ denotes spacetime derivative projected orthogonal to normal nM .
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